SLICE FUNCTION THEORY OF SEVERAL QUATERNIONIC VARIABLES
(IN A NUTSHELL)
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We recall some basic definitions from [[1, 2]]. Let D be a subset of C" that is invariant under
complex conjugations: 7" = (z1y.+-+sZhs++s2n) € Dforall z € Dand forall h € {1,...,n}.
Let {ex } kep(n) be a fixed basis of the real vector space R2". We identify R with the real vector
subspace of R?" generated by ey € R?", and we write ep = 1. For simplicity, we set ¢ := ek)
forall k € {1,...,n}.

Each element x of the tensor product H® R>" can be uniquely written as x = Y x eP(n) €KAK
with ax € H. Given any function F : D —» H® R?", there exist unique functions Fx : D — H
such that F = ZKep(n) ex Fx (Fk is called the K-component of F). A function F : D —
H® R* with F = Y xep(n) €k Fk is a stem function if

Fk(z) if h¢ K,

—hy _
M Fx (@)= {—FK(z) if heK

forallz € D, K € P(n) and h € {1,...,n}. Let Qp be the axially symmetric (or circular)
open subset of H" associated to D, defined as

QD = {(CK] +J1ﬁ1,. ..a,,+Jnﬁn) eH": Ji,...,J, € S, ((1’1 +i,31,...,6¥n+i,3n) S D}
The (left) slice function f = 7 (F) : Qp — H induced by F is the function obtained by setting,

foreach x = (xq,...,x,) = (a1 + J1B1, ..., an + JuBn) € Qp,

2 F(x) = Xkepmn) JkFK(2)

where Jx = Ji, -+ Ji, if K = {ky,...,kp} € P(n) \ {0} with ky < --- < kp, Jp = 1, and
zZ= (Z],...,Zn) = (a’1 +i,81,...,ozn+iﬂ,,) € D.

We will denote by S°(Q) the right H-module of slice functions in = Qp induced by
continuous stem functions F € C°(D), and by S'(Q) the submodule of slice functions in
Q = Qp induced by stem functions F € C!(D).

Let Ji,...J, be the commuting complex structures on R>" ~ C®" induced, respectively,
by the standard structures of the n copies of C. The isomorphism R** ~ C®" maps the basis
element ex of R?" to the element v of C®" defined as

VK=V ®---Qv, withvy=iifheK,vy=1ifh¢K.
Explicitly, the complex structures are defined by

eKU{h} ifhée¢k,
3 =
©) Jnlex) {—eK\{h} if heKkK.

In particular, it holds J5,(e,) = —1 for h = 1,...,n. We extend these structures to H ® R by
setting J(a ® v) =a ® J,(v) foralla € Hand v € R?*.

Let F : D — H ® R?" be a stem function of class €. For each & = 1,...,n, we denote by
9y, and 8, the Cauchy-Riemann operators w.r.t. the standard complex structure on D and Jj,
on H® R, i.e.

1{0F oF = 1(0F oF
(4) ahF=§(7h—ﬂ(%)) and ahF=§(—+ﬂ(—)),
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where aj, +if, : D — C is the h'"-coordinate function of D. Let f = I (F) : Qp — Hand let
h € {1,...,n}. Each operator of the type d;, or d; commutes with each other. We define the
slice partial derivatives of f as the following slice functions on Qp:

of

(5) — = J(8,F) and oF _ I (8yF).
oxp 8xz

The slice function f = I (F) is called slice-regular on Q if F is holomorphic w.r.t. 71, . .., Jn,
ie., 0pF = 0 for h € {1,...,n}. Equivalently, a—fc = 0 for every h. For example, every

polynomial function p(x) = ), xf‘ K"ag with ordered variables and right quaternionic

coefficients ap, with € = (€1, . .., ¢y), is slice-regular on H". We will denote by SR(£) the right
quaternionic module of slice-regular functions on Q = Qp.

Every product on H ® R?" induces a product on stem functions, and hence a structure of real
algebra on the set of slice functions. In the following we take the product obtained identifying
as above the real algebra R?>" with C®". The corresponding (tensor) product in H ® R>" is the
linear extension of

(a®ep)(b®ek) = (ab) ® (eyex) = (ab) (1) H ey k.

Let f = I(F),g = 1(G) : Qp — H be slice functions. We define the slice product
f-g:Qp > Hof fand gby f - g := I (FG), where FG is the pointwise product defined by
(FG)(z) = F(2)G(z) inH®R*" forall z € D.

The slice partial derivatives satisfy Leibniz’s rule w.r.t. the slice product: for each slice
functions f, g e S'(Qp)andh=1,...,n,itholds

0 0
© (=gt gef ot

In particular, the slice product preserves slice regularity.

Of oyp. 0

g .
ﬁxz 6x,cl

g) =

One-variable characterization. The concepts of spherical value and spherical derivative in
one variable have a central role in the characterization of slice regularity in several variables
in terms of separate one-variable regularity. Assume that g is a slice function w.r.t. x;, and
define the functions @9% g(x)and D }Ch g(x) obtained taking the spherical value and the spherical
derivative of g w.r.t. xj:

©) DY g:=(g)s,, and D} g:=(g),,-
Let f € S(Q) be a slice function on Q C H", let K € £ (n) and let € = 1k be the characteristic
function of K. Then f is a slice function w.r.t. x| and, for each i € {2,...,n}, the truncated

spherical e-derivative D, f := D;,fh] D. D;I(l) f, obtained iterating (7), is a well-defined
slice function w.r.t. x;,. Moreover, [ € SR(Q) if and only if f is slice-regular w.r.t. x; and,
foreach h € {2,...,n} and K € P(n), D f is slice-regular w.r.t. x5, [2, Proposition 2.23 and
Theorem 3.23].

For example, when n = 2, a slice function f is slice-regular in x = (x1,x7) if and only if
f is slice-regular w.r.t. x;, and the spherical value and spherical derivative of f w.r.t. x| are

slice-regular w.r.t. x,.
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